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Abstract

The basic notions and results of equivariant KK-theory concerning crossed products can be
extended to the case of locally compact quantum groups. We recall these constructions and
prove some useful properties of subgroups and amalgamated free products of discrete
quantum groups. Using these properties and a quantum analogue of the Bass-Serre tree, we
establish the K-amenability of amalgamated free products of amenable discrete quantum
groups.
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The main goal of this paper is to prove the K-amenability of an amalgamated free
product of amenable discrete quantum groups. The notion of K-amenability was
first introduced by Cuntz [8] for discrete groups: the aim was to give a simpler proof
to a result of Pimsner and Voiculescu [15] calculating the K-theory of the reduced
C*-algebra of a free group. Cuntz proves that the K-theory of the reduced and full
C*-algebras of the free groups are the same, and gives in [7] a very simple way to
compute it in the full case.

Julg and Valette [11] extend the notion of K-amenability to the locally compact
case and establish the K-amenability of locally compact groups acting on trees with
amenable stabilizers. By a construction of Serre [16], this includes the case of
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amalgamated free products of amenable discrete groups. To prove the K-amenability
of a locally compact group G, one has to construct an element o€ KK (C, C) using
representations of G that are weakly contained in the regular one, and then to prove
that o is homotopic to the unit element of KKg(C, C). In [11], both of the steps are
carried out in a very geometrical way. Moreover, it turns out that o can be
interpreted as the y element used to prove the Baum—Connes conjecture in this
context [12].

In fact, the K-amenability of the starting groups is often sufficient to get the
K-amenability of their free product. This was already the case in the original result of
Cuntz [8], which deals with the non-amalgamated and non-quantum case. This has
been generalized to the amalgamated and non-quantum case by Pimsner [14] (in the
wider framework of group actions on trees). Finally, the non-amalgamated and
quantum case is covered by the work of Germain [9]. In this paper we treat the
amalgamated and quantum case, but assume that both starting groups are amenable.

In the first section of this paper, we state some results that extend to the case of
locally compact quantum groups classical tools of equivariant KK-theory related
with crossed products, including the notion of K-amenability. The general
framework is the equivariant KK-theory with respect to coactions of Hopf C*-
algebras [3] on the one hand, and the theory of locally compact quantum groups
[4,13] on the other hand.

In the second section, we prove some useful results on subgroups and
amalgamated free products of discrete quantum groups. Here we base ourselves
on the definitions given by Wang [21], and extend some of the results therein. The
main goal is to give an alternative form for the regular representation of an
amalgamated free product of discrete quantum groups,which we then use for the
K-theoretic construction of the last section.

Finally, we construct in the third section the Julg—Valette operator associated to
the “quantum tree” of an amalgamated free product of amenable discrete quantum
groups. We prove that it defines an element of KK-theory which is homotopic to the
unit element, thus establishing the K-amenability of the amalgamated free product
under consideration.

1. Equivariant KK-theory for locally compact quantum groups

In fact, most of the work of extending Kasparov’s equivariant theory to locally
compact quantum groups was carried out by Baaj and Skandalis in [3], where they
define equivariant KK-groups with respect to coactions of Hopf C*-algebras, and
prove the existence of the Kasparov product in this setting. When the Hopf C*-
algebra under consideration is associated to a locally compact quantum group, some
additional features of the classical theory are expected to extend to the quantum
case, especially in relation with duality and crossed products. It turns out that it is
indeed what happens: we will give here a review of the results obtained in [18]. We
refer the interested reader to the same reference for the proofs, which contain almost
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no difficulty particular to the quantum case. Note that some of these results were
already proved in [3] in the case of duals of locally compact groups.

The framework of our study will be the one of C*-algebraic locally compact
quantum groups, as defined by Kustermans and Vaes [13]. However, we mainly work
with the Kac systems (H, V', U) associated to these quantum groups. Let us recall
some notations and definitions from [4].

Let H be a Hilbert space, we will denote by X the flip operator on H ® H, and we
will use the ‘“leg numbering” notation for tensor products—for instance X3 =
id®2ZeL(H®H®H). A unitary operator Ve L(H® H) is said to be multiplicative
if it verifies the pentagon equation Vi Vi3V = VozVip. We define two closed
subalgebras of L(H) associated to V' in the following way:

Srea = Lin{(0 ®id)(V)|we L(H),},
Sred = Lin{(id®@w)(V)|we L(H),}.

More generally, if X is a representation of V' on some Hilbert B-module E, i.e. a
unitary morphism XeLg(E® H) such that X1,X13V2; = Va3 X1, we put Sy =
Lin{(id®w)(X)|we L(H),} = Lg(E). Besides, if U is an involutive unitary on the
same Hilbert space H, we put V=X(UQLDV(U®1)X and V=
ZA®U)V(1®U)X. A Kac system in the (strong) sense of [4] is a triple
(H,V,U) such that (V(U®1)Z)’ =1, ¥ and V are multiplicative, and both fulfill
an analytical condition called regularity.

The Kac systems (H, V', U) associated to locally compact quantum groups are not Kac
systems in the sense of [4], however they verify the following useful properties [4,13,24]:

() ¥ and V are multiplicative,
(1) [Sred, USrea U] = [Sred, USrea U] = 0,
(ii)) S,.q and §red are C*-algebras,
(iv) if X is a representation of ¥ or V, it belongs to M(Sy ® K(H)).

In fact these are the only properties required for the validity of our results on
equivariant KK-theory, which means that we do not make a direct use of the Haar
weights on the locally compact quantum groups under consideration. Note that

properties (iii) and (iv) are automatically verified when ¥ and V are regular [4], semi-
regular [2] or manageable [24].

If (H,V,U) is the Kac system associated to a locally compact quantum group,

and more generally if it verifies properties (i)—(iv), the C*-algebras S;q and Sreq are
naturally endowed with coproducts:

Oed(8) = V(@D V* = V(1 ®5)V,

dred(§) = VAR5V = V(ER ) V.
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Moreover one can check that (Syed, Ored) and (§red, 5red) are then Hopf C*-algebras,
in particular J,q is a non-degenerate homomorphism from Speq to M (Sied @ Sred)
and verifies the coassociativity identity (id ® dred)° dred = (Ored ® 1d)oded-

Recall that a coaction of S,y on a C*-algebra A4 is a non-degenerate
homomorphism d4:A4—> M(A® Sreqd) such that d4(A4) (1 ® Sred) =(A® Sreqd) and
(id ® 0red) 04 = (64 ®id)o5 4. We say that 4 is a Sq-algebra if 54 is injective and
04(A4)(1® Sreq) spans a dense subspace of 4 ® Seq. We say that ae A4 is invariant if
d4(a) =a®1, and we denote by A5« the sub-C*-algebra of invariant elements.
There is also a notion of coaction on Hilbert C*-modules: a coaction of S;.q on a
Hilbert A-module E is a linear map 0g: E—> M(E® Sieq) compatible with yeq, 04
and the Hilbertian structure—see [3] for the details. When d 4 is trivial, i.e. 45« = 4,
the coactions og of S;.q on E correspond in fact to the representations X of V on E,
via the following formula: §g(¢) = X (¢®1).

Finally, let 04, d5, 0 be coactions of Sq on two C*-algebras 4, B and a Hilbert
B-module E. We say that a representation n: A — Lg(E) is covariant if

VaeA,¢eE dg(n(a)é) = (n®id)d(a) - 0p(8).

If the coaction on B is trivial and X is the representation of } associated to dg, the
covariance of 7 can also be written (7®1id)d4(a) = X (n(a) ®1)X™*.

Let A be a C*-algebra endowed with a coaction of S,.q4. Let X be a representation
of V' on a Hilbert B-module E, where S;.q coacts trivially on B. To each covariant
representation n: A — Lg(E) one can associate a crossed product C*-algebra in the
following way:

A>a,S = Lin{n(a)xlac A, xeSy}.

In particular, there is a universal covariant representation (74, X4) giving a full
crossed product 4>« S, and a regular covariant representation (nd,, X4,) giving a
reduced crossed product 4 ><1rcd§. Let us call 4, the C*-algebra 4 endowed with the
trivial coaction of S;.q. The regular covariant representation of A4 is then defined to
bedy: A>M(ARK(H)), with E = A® H seen as a A;-module and equipped with
the representation X4, = 1® V.
One important tool is the dual coaction of Sred (or of its full version §) on A > red§
(or A><1§). For instance we use the following notations for the coactions of Sred:
)

AXKS:IA><1§—>M((A><1§)®SAred) and

A

bA > rcd§

1A ><'redk§_’M((A ><'red‘§) ®h§red)~

These coactions are naturally related by the reduction homomorphism A : 4> S —
A ><1red§7 and they arise from the following weak inclusions of covariant
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representations:

(' ®@id, X1 Vo3) < (x*, X*) and  (nfly @id, X 13V23) < (mieg, Xag)-

©

There is another weak inclusion (74 ®id, X{iV2)< (nd,, X4,) which induces a
“false coaction” &', : A><ireqS = M((4>4S) ® Sreq). The homomorphism &', is one of
the important tools for the proof of Theorem 1.4 on K-amenability.

To conclude on crossed products, let us present a simple characterization of
A><1red§ when Spq is unital (i.e. the quantum group is compact) and A is a Syeq-
algebra. We introduce a new coaction of S;.q on £ = A® H, seen as an A-module:
we put 0 (a®&) =(URL)V(U®1)((®1)),304(a),;. This coaction induces a
coaction of Sy,q on K4(E), and we have then A><,0qS = K4 (E)S”d. This equality is
the main tool for the proof of the “Green-Julg” Theorem 1.3.

Now we turn to equivariant KK-theory. To simplify the statements we
will assume that all the C*-algebras we consider are separable. Let (H,V,U) be
the Kac system associated to a locally compact quantum group, and
let Siq be its reduced Hopf C*-algebra. Let dp be a coaction of S,q on some
C*-algebra B. If dg is a coaction of S;.q on a Hilbert B-module E, we provide the
B-module E®H with the following coaction of Sieq:0per((®E&) =
(V(E®1))y30E(0)5. Let us call # ' the Hilbertian direct sum of countably many
copies of the Hilbert B-module B. We have then the following equivariant
“Kasparov” stabilization theorem.

Theorem 1.1. Let (H,V,U) be the Kac system associated to a locally compact
quantum group, and let Sieq be its reduced Hopf C*-algebra. Let dg be a coaction of
Sted on a C*-algebra B.

(1) Let E, F be two Hilbert B-modules equipped with coactions of Sieq- If E and F are
isomorphic as Hilbert B-modules, then there is an equivariant isomorphism between
E®H and FR H.

(2) Let E be a countably generated Hilbert B-module endowed with a coaction of Sied.
Then (E@® # ) ® H is equivariantly isomorphic to #p® H.

(3) Assume moreover that Sieq is unital. Then E®(H @ H) is equivariantly
isomorphic to #p® H.

Let us now recall the definition of KKy, (A4, B), where the C*-algebras 4 and B are
endowed with coactions of Sq: we denote by Es_, (A4, B) the set of triples (E,n, F)
where E is a countably generated, Z/27Z-graded Hilbert B-module endowed with a
coaction of Syq, 7 is a covariant, grading preserving representation of 4 on E, and
FeLg(E) is a morphism of degree 1 such that

[n(A), F), n(4)(F*~1) and n(4)(F — F") = Kp(E),

T(A) @ Sred(F® 1 — () (F)) CKp® 5, (E ® Sred)-
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Then KKs_,(A4,B) is the quotient of Es_(A4,B) with respect to the homotopy
relation induced by Es_, (4, B[0,1]). Like in the classical case, every equivariant

red

homomorphism ¢ : 4 — B defines an element [¢] € KKs, (4, B).

Using the fact that the Hopf C*-algebras under consideration are associated to
some locally compact quantum groups, one can define descent morphisms for these
equivariant KK-groups. If E is a Hilbert B-module endowed with a coaction of Si.q,
the full and reduced crossed products of E by Siq are the relative tensor products

E><1§:E®B(B><1§) and E><1red§:E®B(B><1red§). One can prove that the

C*-algebra K(E><S) naturally identifies with the crossed product K(E)><S, so
that any C*-representation n:A4— M(K(E)) gives rise to a homomorphism

n><id : A>aS— M(K(E>S)). The same works for reduced crossed products,
and this indeed defines descent morphisms:

Theorem 1.2 (cf. Baaj and Skandalis [4, rque 7.7b]). Let Sieq be the reduced Hopf C*-
algebra associated to a locally compact quantum group, and A, B two C*-algebras
equipped with coactions of Syed-

(1) For any (E,n,F)€Es_, (A, B), the triple (E>< S, n>aid, F ® pid) is an element of
E(A>S,B>S), and this defines a group morphism j:KKs_ (A,B)—
KK(A>S, B>S).

(2) This morphism is compatible with the Kasparov product: for all xe KKs_,(A, D),
y€KKs, (D, B) one has j(x®y) = j(x) ®j(»)-

(3) In the same way, considering reduced crossed products one obtains a group
morphism jreq : KK, , (A,B)—»KK(A><1red§,B><1red§) compatible with the Kas-
parov product.

Finally we have a generalization of the Green—Julg theorem, when Sy4 is unital and
the coaction d 4 is trivial. We will need the following notations to state it precisely:

(1) Let (B><1redSA)l be the C*-algebra B><,e4S endowed with the trivial coaction of
Sred- Taking into account the fact that any B-module E can be fitted
with  the  trivial coaction of Sq, We get a  morphism

¥ : KK(A, B><1eaS) = KKs, (A, (B><1eaS),).

(2) The inclusion B><,eqS<K (E)S’“, where E = B®H is endowed with the
coaction &, defines an element f of KK, ((B><raS),, B).

(3) In the compact case, the trivial representation factorizes through Sred and its
central support py is an element of S.q. We call ¢ the homomorphism from A to
A><edS = A® Sreq given by ¢(a) = a® py.

Theorem 1.3. Let Sieq be the reduced Hopf C*-algebra associated to a compact
quantum group (Sreq is unital). Assume that Syeq coacts trivially on A, and that B is a
Srea-algebra. Then the morphism

4)1 ZKKS

red

(4, B) ™ KK(A>reaS, B<ireaS) ©> KK (A, B>raS)
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is an isomorphism, and its inverse is given by

o ¥ o\ ®F
By KK(A, B><1qS) 5 KK, (A, (B><1aS),) —5 KKs,_, (4, B).

As in the classical case, there is a ““dual statement” of the Green—Julg theorem,

which is much easier to prove: if Siq is unital and if Sieq cOACts trivially on B, there is
a canonical isomorphism ¥': KKg (4, B)—>KK(A><S,B).

Let us close this section with the notion of K-amenability, which was introduced in
[8] for discrete groups and in [11] for locally compact groups. We say that a locally
compact quantum group (§red, 5red) is K-amenable if the unit element of KK | (C,C)
can be represented by a triple (E,n, F) such that the representation of the quantum
group on E is weakly contained in its regular representation. Using the tools introduced
in this section, most notably the descent morphisms and the homomorphism &';, one
can give other characterizations of K-amenability, at least in the discrete case:

Theorem 1.4. Let S and Sieq be the full and reduced dual Hopf C*-algebras of a locally

A A

compact quantum group (Sred, Ored). Let ¢:S—C be the trivial representation of S.
Then we have (1) = (i) = (i) = (iv) and, if Sieq is unital, (iv) = (i):

(1) (fred, 5red) is K -amenable.
(i) For every C*-algebra A endowed with a coaction of Sred, [L4]e KK(A><S,
A><1qS) is invertible.
(iii) [A]eKK(S, Sea) is invertible.
(iv) There exists o€ KK (Sred, C) such that 2*(«) = [¢]e KK (S, C).

2. Complements on discrete quantum groups

We start with some useful results on subgroups and amalgamated free products of
discrete quantum groups. In particular, Proposition 2.4 generalizes to the
amalgamated case the identity 4 = hj % h, for the Haar state of a free product [21].
Together with Proposition 2.2, it shows that the reduced Hopf C*-algebra of an
amalgamated free product S| *7 S, can be identified with the reduced amalgamated
free product of the reduced Hopf C*-algebras.

In this section discrete quantum groups will be given by (one of) their C*-
algebra(s), i.e. by a Woronowicz C*-algebra (S,0). Let us recall that a Woronowicz
C*-algebra is a unital Hopf C*-algebra such that the sub spaces (1® S)d(S) and
(S®1)4(S) are dense in S®S. These conditions ensure the existence of a unique
Haar state on S| i.e. a state 1€ .S’ such that (A®id)e d = (id®#h)od = 1sh. The GNS
representation of £ is called the regular representation, and its image Syeq is the
reduced Woronowicz C*-algebra of the discrete quantum group. We say that S is
reduced if its regular representation is faithful, and in this case the Haar state /4 is
also faithful (cf. the proof of Proposition 2.2).
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The general theory of Tannaka—Krein duality [23] shows that the discrete
quantum group associated to (S,0) is fully characterized by the category % of the
finite-dimensional unitary corepresentations of (S, 0). We will use the notation Irr %
for a complete system of irreducible corepresentations in €.

As a direct consequence of the general theory, we can see the subgroups of a
discrete quantum group in both pictures.

Lemma 2.1. Let (S,0) be a Woronowicz C*-algebra and € the category of
its finite-dimensional unitary corepresentations. There is then a natural bijection
between:

(1) Woronowicz sub-C*-algebras T < S (with 17 = lg),
(2) full subcategories 9 <% such that l4€ P, QD <P and I = 9.

Given such a subcategory 9 <%, the corresponding Woronowicz sub-C*-algebra T is
the closed subspace of S generated by the coefficients of the corepresentations
redy.

Proposition 2.2. Let (S, 9) be a reduced Woronowicz C*-algebra, and T a Woronowicz
sub-C*-algebra of S. Then:

(1) the Haar state hr is the restriction of hg, and T is reduced,
(2) there exists a unique conditional expectation P:S—» T such that hg = hyoP,
(3) this conditional expectation is also characterized by the invariance property

(id® P)ods = (P®id)ods = d7oP.

Proof. (1) The fact that /7 is the restriction of &g to T follows immediately from the
uniqueness of i7. Let Ag, Ar be the respective regular representations of S and 7.
Because Haar states of quantum groups are KMS, we have

Ker Air ={yeT|hr(y"y) =0}
={yeTlhs(y"y) = 0} = KerZsn T = {0}.

(2) Let 2 =% be the categories of finite-dimensional unitary corepresentations of
T and S, respectively. In this paragraph we will repeatedly use the structure theorem
of Woronowicz [22] giving the Hopf C*-algebra structure of S in terms of the
category ¥. Let &° (resp. 7) be the linear span in S of the coefficients of the
corepresentations relrr \lrr Z (resp. relrr 2): the direct sum % = 9°@J is
dense in S. As a consequence of the stability properties of 2, we have the inclusions
ST S, TS «S° and ¥°*<=F°. For instance if selrr €\Irr &, telrr & and
rcs®t then scr®7, so that r cannot be in 2. When passing to coefficients one
obtains the first inclusion. In particular, these inclusions imply that 4,(%°) and
A () are orthogonal subspaces in the GNS construction of Ag, because sg maps the
coefficients of all irreducible corepresentations to 0, except the ones of the trivial
corepresentation.
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Now we identify S and T with their images in the regular representation of S. Let
p be the orthogonal projection onto the closure of A,(7"). The results of the previous
paragraph (and the fact that 7T is reduced) show that Tp = pTp~T and p¥°p = {0}.
Hence the compression by p defines a conditional expectation P: S—»pTp~T. The
identity hs = hyoP follows from the fact that the Haar states are the vectorial states
associated to A;(1). Conversely, if P': S— T is a conditional expectation such that
hs = hpoP', for every xeS we have P'(x) = P(x) because T is reduced and

VyeT hr(P'(x)y) = hr(P'(xy)) = hs(xy) = hr(P(xy)) = hr(P(x)y).

(3) Finally, the invariance property of P can be easily verified on 7 and 9°
separately: we have (7 ) =7 ® 7 and 6(9°) =.9° ® .°, but P coincides with id on
T, and with 0 on #°. Conversely, if P': S— T is a conditional expectation verifying
the invariance property, we have

Irhs = (id®hs) (P'®id)ds = (1d@hr)dr P = LrhroP'
so that g = hyoP' and P =P. O

Lemma 2.3. Let (S,0) be a reduced Woronowicz C*-algebra, and T a Woronowicz
sub-C*-algebra of S. Let E be the Hilbert T-module of the GNS representation of S
associated to the conditional expectation P introduced in Proposition 2.2.

(1) The relation on Irr € defined by r~r < (te2 t<i®r') is an equivalence
relation, let (Irr €)/ 2 be the corresponding quotient set.

(2) Let 9" be the subspace of & generated by the coefficients of a corepresentation
re®. For ac(Irr6)/2 we put * =75, ", let S° be the closure of &° =
> yre1 L. Then we have Ker P = S°.

(3) We denote by E* and E" the respective closures of Ap(S*) and Ap(S") in E. For
rea, the closed submodule of E generated by E" is E*. Moreover E is the
orthogonal direct sum of the E*.

Proof. (1) The first point essentially results from the following equivalence, that we
already used in the previous proof: (cF®r < cr®t. We therefore have
r~r<rcr®%, and the transitivity of ~ follows from the hypothesis
922 c2. The other conditions are obvious on the definition (and result from
the hypothesis ¥ = &, 14€ ).

(2) It is clear that the class of 14 in (Irr 4)/< is Irr 2. In particular the subspace
&° coincides with the one we have used in the proof of Proposition 2.2, and we have
already seen that it is included in Ker P. Now if we write xe Ker P as a limit of sums
Yn+ zn with y,€7 and z,e9°, we have P(y, + z,) = y,—0, so that x is in the
closure of &°.

(3) The linear span of &"7 coincides with the subspace generated by the
coefficients of the corepresentations r®¢, te2, which is exactly &*: recall that
V~rercr®2. So the closed submodule of E generated by E" is E*. Now let «
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and f be two distinct elements of (Irr %)/2, and take xe.#*, ye %P. We can assume
that x and y are respective coefficients of two corepresentations rewa, seff. The
subobjects of 7® s are not in & because o and f are distinct, so that x*ye.%° and

{Ap(x),4p(y) > = P(x"y) = 0.

This establishes the fact that E* and E? are orthogonal, and it is clear that the sum of
the subspaces E* is dense in £. [J

We will use the following notations about reduced amalgamated free products
[1,19,20]. Let S}, S> be unital C*-algebras, and 7' a common sub-C*-algebra of S
and S, containing their unit element. Let P;, P, be two conditional expectations of
S1 and S, onto T, and (E),#,), (E2,%,) the corresponding GNS constructions. Like
in Lemma 2.3, we denote by S7 the kernel of P;, and by E7 the orthogonal of #; in
E;—i.e. the closure of Ap,(S7). Following [19], we put

E] T Ez :nT@ @z;il (—B(Z}‘)Eln (EIO1®T®TEZ) where
In:{(i17~~-7in)e{172}n|Vk ik7éik+l}' (*)

The Hilbert T-module E, *7 E, carries then a natural representation of the (full) free
product with amalgamation S| 7 S, whose image is called the reduced free product
with amalgamation (Sy, Py) *r (S2, P2). The vacuum vector 5 defines a conditional
expectation Py xr P, from S 7 S, onto 7. Finally, we will denote by E(r,i) the
closed submodule of E associated to the n-tuples (i;) €I, in (*) such that i, #i.

In [21], it is shown that the free product of two Woronowicz C*-algebras with
amalgamation over a Woronowicz sub-C*-algebra carries again a natural structure
of Woronowicz C*-algebra. Moreover the Haar state and the category of finite-
dimensional unitary corepresentations of that free product are investigated in the
non-amalgamated case. It is not hard to generalize the result on the Haar state to the
amalgamated case.

Proposition 2.4. Let S|, S, be two Woronowicz C*-algebras, and T' be a common
Woronowicz sub-C*-algebra of S| and S5. Let S\, S» and T be their respective reduced
Woronowicz C*-algebras. We consider the free product with amalgamation S =
S1 7 Sy and denote by 1 : S — Sieq the reduction homomorphism of (S, 0).

(1) If P, Py and P; are the canonical conditional expectations of Siedq, S| and Sy onto
T, we have Py x Py = PoJ.

(2) The reduced Woronowicz C*-algebra of S| xp Sh is isomorphic to the reduced
amalgamated free product of (Sy, P1) and (S2, P2).

Proof. (1) We put P’ = Py xr P,, and we prove in the next paragraph that ipoP’ is
the Haar state of S. This will prove that P’ factors through S,.q and, by Proposition
2.2, that its factorization equals P. Thanks to the uniqueness of the Haar state, it is
enough to establish the invariance of the state AroP'.
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The C*-algebra S is a quotient of the free product S x¢ S», so that the elements
s1---8, with s € %, and (i;) eI, generate the normed vector space S. Moreover it is
easily seen by induction, using the decompositions .&; = 7 @ 7, that it is enough to
consider the elements of 7 and the elements s ---5,, with s, eyfk and (i;)el,. On the
subspace .7, the expectation P’ coincides with the identity, so that the invariance
property is evident.

Therefore, we consider an element s = s; ---5,, with sy 65”; and (i;) el,. For such
an element we have P'(s) = 0 because S}, S, are free in (S, P') and &7 cKer P;. On
the other hand, each 0; (sx) can be written as a sum ;s ® s}, with s;, sﬁ(_ley?k,
and one obtains for (s) = d;(s1)---0;,(s,) an expression of the form >, s ®s),
where the s; and ) are all in Ker P'—using again the freeness of S; and S,. Therefore
we also have (P'®1d)<d(s) = 0 and (id® P’)o(s) = 0.

(2) The Hopf C*-algebras S *r .S, and S| *7 S having the same dense Hopf sub-
x-algebras of coefficients, they have the same reduced Hopf C*-algebras. Now the
first point shows that the Haar state of S} 7 Sy is hpo(P *7 P,). But T is reduced,
so that the reduced Hopf C*-algebra of S| xS, is exactly (S, Py) *r (S2, P2). O

Remark. In the non-amalgamated case, it is quite easy to compute the category of
finite-dimensional unitary corepresentations of S: the corepresentations v| & -+ ® vy,
where v elrr €, \{1} and (i)el,, form a complete system of irreducible
corepresentations of S, and the fusion rules can be naturally deduced from the
ones of €, and %, [21]. This is very similar to the structure theorem for the free
product of two discrete groups.

There is no such “simple” generalization of the classical theory in the
amalgamated case. More precisely, if v; and v, are respective irreducible
corepresentations of S; and S,, but not of 7', the corepresentation vy ® v, does
not need to be irreducible for S: see the example hereafter. However, looking at the
amalgamated free product modulo 7, one recovers a part of the classical structure:
this is the meaning of the decomposition of E| 7 E, into orthogonal T-modules
given by Lemma 2.3 and (x).

Example. Consider two copies S, S> of 4,(Q), the Woronowicz C*-algebra of an
orthogonal free quantum group [21,17,5]. Let us recall that Irr % and Irr %, can be
indexed by N, with the same fusion rules as the ones of SU(2): we will denote by v; 4
the corresponding irreducible corepresentations, with ie{l,2} and keN. The
discrete quantum group corresponding to 4,(Q) has a unique non-trivial subgroup,
associated to the subcategory generated by Irr 7 = {vy|keN}. Its Woronowicz C*-
algebra T is the sub-C*-algebra of even elements for the natural Z/2Z-grading of
A,(Q)—when Q = 1I,, T is also the Woronowicz C*-algebra A,,(M,) of [6].

The tensor product of the fundamental corepresentations of S; and S,, v ®vs,
defines a corepresentation of the amalgamated free product S = S; x7r.S,, and
it is not hard to see that it admits a strict sub-corepresentation a of dimension 1.
More generally the sub-corepresentations of v s, ® -+ ®vj,«,, with (ij)e{l,2}"

"o

and (k;)eN", have the same dimensions and multiplicities as the ones of
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U1 ® -+ @0y k,. Moreover one can prove, using the freeness of S; and S, in S, that a
generates a copy of C*(Z) in S. Finally the corepresentations a* ® v s, with ke Z and
/e N, form a complete system of irreducible corepresentations of S. The fusions rules are
induced by the ones of C*(Z) and 4,(Q), plus the relation v) | ®a~vy;~a ' ®uvy .

3. The Bass-Serre tree and K-amenability

The aim of this section is to prove the K-amenability of amalgamated free
products of amenable discrete quantum groups. This extends to the quantum case a
result of Julg and Valette [11, Corollary 4.1], which was obtained as a corollary of
their more general result about locally compact groups acting on trees. Let us note
however that the homotopy we construct in Theorem 3.3 is closer to the one used by
Cuntz for the case of free products G x Z [8]. Indeed the homotopy of Julg and
Valette relies on the construction of negative type functions on trees, which seems
more complicated to extend to the quantum case.

Let S =8 %7 S, be an amalgamated free product of reduced Woronowicz C*-
algebras. Let P, R; be the canonical conditional expectations of S.q onto T, S,
respectively, and E, F; the associated GNS constructions. For the definition of the
Julg—Valette operators we will need a slight reinforcement of the well-known
isomorphisms E(r,i)® rE;~E:

Lemma 3.1. The map V;: Ap(x)®y+> Ag,(xy) defines an isomorphism between
E(r,iy®rS; and F;.

Proof. We take i = 1 for the proof. In the definition of ¥ one can take xe 7 or
X=Y1Yn, k€Y, (ik)€l, and i, = 2. In particular the surjectivity of ¥; will
follow immediately if we prove that it is an isometry. So we have to show that
V*P(x*x)y = R (y*x*xy) for yeS) and x like above. By S;-linearity of R; we can
assume that y = 1, and then the equality P(x*x) = R;(x*x) amounts to the fact that
R (x*x)€ 7, which is clear when xe 7.

So we take x = y; -y, with yy € 7 , (ix) €I, in = 2, and we prove that R (x"x) is
orthogonal to . in the GNS construction of P. For any x; €.}, we have

P(x1R;(x*x)) = P(Ry(x1x*x)) = P(x1x*X)
by S;-linearity of R;. To conclude we proceed by induction on n in the expression

X =y yp—we put n = 0 when xe 7 . By Proposition 2.4, S| and S; are free in Sieq
with respect to P. Therefore

P(x1x"x) = P(x1Y) - Y5V 1 V1V2+*Vn)
=P(x1,- 3PV 1y1)y2-Yn)
:P(xly:;--.ylz*y/z...yn)

with ), = P(y’l‘yl)l/zyz, and the last expression equals 0 by induction. [
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We now assume that S| and S, are amenable Woronowicz C*-algebras. This
means that they are reduced and admit co-units (also called trivial representations in
our context), i.e. continuous characters ¢: S; — C such that (id®¢)od0 = (e®id)ed =
id. In the following definition, we use the isomorphism F; ® ,C~ E(r, i) ® ,C induced
by lIj,'.

Definition 3.2. Let S = S| %7 S, be an amalgamated free product of two amenable
Woronowicz C*-algebras. Let (E, 1), (F;, ;) be the GNS constructions associated to
the canonical conditional expectations of S onto 7', S;, respectively. Let ¢ denote the
co-unit of Sy and S5.

(1) The Hilbert space K, =E®,C (resp. H=FN®,CONH®,C) is called
the /?>-space of geometric edges (resp. of vertices) of the quantum
graph associated to (S),S2,7). They carry the GNS representations
of S.

(2) For that quantum graph, we define two Julg—Valette operators &;, ie{1,2},
given by the following formulas (where {i,j} = {1,2}):

H—K,,
b 77j®31'_’77®817 7 ®.1—0,
F;®.C = E(r,k)’®.C for k=1,2.

Example. When S| = C!;(G)), S>» = Ci,4(G2) and T = C,,(H), the C*-algebra S is
some C*-completion of /'(G), with G = G, *y G,. Then K,~/*(G/H) and
H=~/?(G/G,“G/G,) are the /*-spaces of edges and vertices of the Bass-Serre tree
associated to (G, Gy, H) [16]. Note that the isomorphism F;®,C~E(r,i)®,.C in
this case is just the /*>-formulation of the canonical bijection G(r,i)/H — G/G;,

where G(r,i) = G is the subset of alternate products g;, ---g;, that “do not end in G;”
(including H).

In the Bass-Serre tree, there are two evident ways of choosing one endpoint for
each edge. They are given by the following maps from G/H to G/GY G/G,, that
determine the graph structure:

xH—xG; and xHw—xG,.

However, the corresponding “target operators” on the />-spaces do not need to be
bounded. If we choose G;e G/G; as the origin of the tree, there is another natural,
more geometrical way of selecting one endpoint for each edge: namely the furthest
one from the origin. The adjoint of the corresponding target operator is then
precisely the Julg—Valette operator @; of Definition 3.2.
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Theorem 3.3. Let S = S) x5 S» be an amalgamated free product of two amenable
Woronowicz C*-algebras. Take ie{1,2}.

(1) The GNS representations of S on the Hilbert spaces H and K, introduced in
Definition 3.2 are weakly contained in the regular representation.

(2) The Julg—Valette operator ®;: H— K, is a Fredholm operator and commutes to
the representations of S modulo compact operators. Let o be the associated element
Of KK(Sreda C)

(3) The element 1*(x)e KK(S,C) is equal to the element [¢]e KK(S, C) associated to
the co-unit of S. Hence the discrete quantum group associated to S is K-amenable.

Proof. (1) The Woronowicz C*-algebras S| and S, being amenable, so is 7', and this
means that its trivial representation is weakly contained in the regular one. As a
consequence, the GNS representation of eoP is weakly contained in the GNS
representation of /oP. But these representations are, respectively, the GNS
representation on E® ,C and the regular representation, by Proposition 2.2. The
same argument works for F; and F5.

(2) It is clear on the definition, and thanks to Lemma 3.1, that the Julg—Valette
operators &; are surjective and have a kernel of dimension one. Hence they are
Fredholm operators. We will now prove that &; commutes to the action of an
element seS). For symmetry reasons, this will imply that ¢, commutes to S, and
because @ and &, are equal modulo a compact operator, they will both commute to
S1uS,, hence to S, modulo compact operators.

The main point is the following one: if  is a vector of E(r, k) such that s is again
in E(r, k), we have evidently

Vi(s{®7x) = sV ({® 7rx)

for every xeSk. But it is easy to check that sE(r,1)° < E(r,1)° and sE(r,2) = E(r,2)
for seSi. As @, coincides, respectively, on E(r,1)° and E(r,2) with the inverses of
Y ®.d and ¥, ®,id, it commutes with the action of s on E(r,1)°@E(r,2) =
(n,®,1)*. Finally, S| acts trivially on the line 5, ®,C, that @, maps to 0.

(3) Let &;: H— K, ®C be the operator which coincides with ®; on (i; ®81)L, but
maps (n7;®.1) to lc. Let us denote by n the sum of the GNS and the trivial
representations of S on K, ®C, and by p the GNS representation on H. It is clear
that @; is a compact perturbation of @; +0: H—K,®C, so that the class of x =
(n,p, ;) in KK(S,C) equals 2*(«) — [¢]. We will now prove that x is homotopic to a
degenerate triple.

It is clear from the proof of point 2 that &; intertwines the restrictions of 7 and p
to S;. Moreover one has &, = ®,ou, where ue L(H) equals the identity on the
subspaces Fy ®,.C and exchanges 1, ®,1 and 1, ®,1. In particular, @, intertwines
p(s) and n(s) if s€S), but up(s)u and =n(s) if s€S,.
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Now u is unitary and self-adjoint, so that the expression u; = cos ¢ + iu sin ¢ defines
a family of unitaries (#,). Because u commutes to p(7'), one can define a family of
representations of S = S x7 S, on H by the formulas p,(s) = u}p(s)u, for se S, and

p,(s) = p(s) for s S). Leaving = and @, unchanged, this gives a homotopy between
x and a degenerate triple: by construction, ®; intertwines exactly p, and z and is
unitary. [

Remark. Germain [10] defines a topological property called “relative K-nuclearity”
for inclusions of unital C*-algebras T =S}, T'=.S;. This property mostly serves as a
sufficient condition for the full free product with amalgamation S = S| *7 S, to be
“dominated in K-theory” by the reduced free product, which is equivalent to
K-amenability in the case of C*-algebras of discrete quantum groups. However,
when 7 is infinite-dimensional very little is known about relative K-nuclearity, even
in our case of inclusions of C*-algebras of amenable discrete quantum groups. In this
paper we chose a different, more geometrical way to prove the K-amenability of our
amalgamated free products.
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